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1 Dipartimento di Fisica dell’Università and Istituto Nazionale di Fisica Nucleare, via Celoria 16, I-20133 Milano, Italy
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Abstract. The (~p, α) reaction on 90Zr has been studied in a high resolution experiment at an incident
proton energy of 22 MeV. The cross section and asymmetry angular distributions for transitions to 36
levels of 87Y with an excitation energy up to 3 MeV have been measured. DWBA analyses of experimental
angular distributions, using either Woods-Saxon or Double Folded potentials for the exit channel, have
been done, allowing either the confirmation of previous spin and parity values or the assignment of new
spin and parity to a large number of states. The structure of low lying states of 87Y has been studied
in the framework of the shell model, using the OXBASH code. With the interaction PMM90 reasonable
agreement is obtained for part of the negative parity spectrum.

PACS. 21.60.Fw Models based on group theory – 21.60.Ev Collective models – 27.60.+j 90 ≤ A ≤ 149 –
25.40.Hs Transfer reactions – 21.60.Cs Shell model

1 Introduction

The (~p, α) reaction has often been used as a spectroscopic
tool to investigate nuclear structure properties. For the
theoretical description of the three-nucleon transfer pro-
cesses the cluster model and different microscopic models
have been applied. A review of the theory and references
to relevant experimental and theoretical papers may be
found in [1].

The 90Zr(p,α)87Y reaction has already been studied
in experiments with low energy resolution and unpolar-
ized protons [2], thus losing the possibility of unequiv-
ocally identifying the spin and parity of most of the ex-
cited levels. In fact the strong dependence of the asym-
metry angular distributions of the emitted α-particles on
the transferred total angular momentum J is of greatest
importance to identify spin and parity of the levels excited
in a (~p, α) reaction, as shown in our previous studies on
208Pb(~p, α)205Tl and 209Bi(~p, α)206Pb [3–5].

Our aim in studying the 90Zr(~p, α)87Y reaction was not
only to improve the experimental information available
on the 87Y levels but also to obtain accurate values of
differential cross section (σ(θ)) and asymmetry (Ay(θ))
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angular distributions for comparison with those measured
at the same energy for 91Zr(~p, α)88Y [6]. For this reaction
we have shown that the unpaired 51st d5/2 neutron in the
target nucleus acts as a spectator. Therefore some of the
higher excitation energy states of 88Y, homologous to 87Y
states [6,7], result from the coupling of the 51st neutron
with the configurations excited in the 87Y core. Moreover,
in a recent analysis [8] of the 90,91Zr(p,α)87,88Y reaction
continuous spectra, measured at low resolution, the extent
to which the unpaired neutron in 91Zr acts as spectator is
assessed.

The level structure of 87Y has been evidenced
by different kinds of experimental results. In-beam γ-
ray spectroscopy has been applied using the reactions
86Sr(p,γ)87Y [9], 88Sr(p,2nγ)87Y, 85Rb(α,2nγ)87Y [10]
and 74,76Ge(18O,xn,yp,zαγ) [11,12]. 87Y isobaric analog
resonances have been studied in polarized and unpolarized
proton scattering from the target nucleus 86Sr [13,14].
One- and multi-nucleon transfer reactions 86Sr(3He,d)87Y
[15], 89Y(p,t)87Y [16–18], 84Sr(α,p)87Y [19] and the pre-
viously referred 90Zr(p,α)87Y reaction [2] have also been
used. The experimental results achieved are summarized
in ref. [20].

In the present paper states in 87Y have been populated
via the 90Zr(~p, α)87Y reaction at 22 MeV bombarding en-
ergy. Accurate measurement of the differential cross sec-
tions and analyzing powers for transitions to 36 excited
states of the 87Y nucleus, in a high energy resolution ex-
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Fig. 1. Position spectrum of α particles measured at 20o. For some levels the excitation energy is indicated

periment, allowed us to identify spin and parity for many
levels.

In connection with the experimental work presented
here, theoretical predictions of the energy spectrum, in
the framework of the shell model, are presented for the
87Y nucleus.

In Sect. 2 the experimental apparatus is described;
Sect. 3 compares the experimental results and DWBA
calculations, using both Woods-Saxon and Double-Folded
potentials for the exit channel. In Sect. 4 spin and parity
attributions are discussed, while Sect. 5 is devoted to shell
model calculations. Section 6 presents the conclusions.

Preliminary reports of the present work are given else-
where [7].

2 Experimental procedure and results

A beam of polarized protons, with an energy of 22 MeV,
was produced by the Lamb shift ion source of the Munich
HVEC MP Tandem accelerator. The 90Zr target used was
50 µg/cm2 thick, with an enrichment ∼ 97%, evaporated
on a 6 µg/cm2 Carbon backing. Outgoing α-particles have
been detected in the focal plane of the Q3D magnetic spec-
trograph by the position and angle resolving light ion de-
tector, with single wire proportional detectors and cathode
periodic readout [21].

Angular distributions of cross section and asymme-
try were measured from 5o to 65o, in steps of 5o, with
either spin-up or spin-down polarization, in two differ-
ent magnetic field settings, to cover an excitation energy
of the residual nucleus of ∼ 3.2 MeV. A Q3D solid an-
gle of 11.04 msr was used for all the angles, except for
θ=5o,(2.98msr). The beam current was ∼140 nA; using

the spin filter mode, the sign of the polarization (73±5)%
was changed without any steering of the beam. Absolute
cross sections were determined taking into account effec-
tive target thickness, solid angle and collected charge and
are estimated with a systematic uncertainty of ±15%. Ar-
eas and centroids of α-particle peaks were determined by
using the code Autofit [22]. The shape of the α-peak at
Ex=1.979 MeV was used as reference for both spin-up and
spin-down spectra.

In order to calibrate the energy scale of the α-spectra,
polynomials of rank 3 were used. The parameters corre-
sponding to the two magnetic field settings were fixed
in the energy range 0 to ∼3200 keV, imposing the re-
production of the following adopted levels [20]: 380.79,
793.60, 981, 1202.51, 2111.1, 2278, 2409 and 2995.2 keV.
Our quoted energies are estimated to have an uncertainty
of ±3 keV. The good energy resolution obtained of ∼12
keV FWHM, essentially due to the target thickness, and
the lack of any background allowed the identification of
all observed peaks, even those with low cross section.

In Fig. 1 the α particle position spectrum measured at
θ = 20o is shown. This spectrum combines the measure-
ments of the two magnetic settings used. The excitation
energies of the most prominent peaks are indicated.

Differential cross sections σ(θ) and analyzing powers
Ay(θ) for transitions to 36 levels of 87Y have been ob-
tained.

The excitation energies, spins and parities of the 87Y
levels of the present work are shown in Table 1, together
with those from previous (p,α) experiments [2] and with
the corresponding adopted values [20]. In the last column
of the table the experimental cross sections, integrated
from 5o to 65o, are shown.
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Table 1. Energies of 87Y levels, with attributed spins and parities, compared with those observed in previous (p,α) reaction
[2] and with the corresponding adopted values [20]. In the last column the integrated cross sections from 5o to 65o are listed.
The superscripts (A,B,C) of the Jπ values of the present work indicate unambiguous and tentative assignments, and doublets,
respectively

Present work (p, α) reactions [2,20] Adopted levels [20] σint
Ex(MeV ) Jπ Ex(MeV ) Jπ Ex(MeV ) Jπ (µb)
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Table 2. Woods-Saxon optical model parameters for the incident proton and emitted α particle and geometrical parameters
for the triton bound state used in DWBA calculations

Vr rr ar Wv rv av Wd rd ad Vso rso aso rc
(MeV ) (fm) (fm) (MeV ) (fm) (fm) (MeV ) (fm) (fm) (MeV ) (fm) (fm) (fm)

p 52.4 1.20 0.69 1.12 1.236 0.69 8.27 1.236 0.69 5.90 1.072 0.63 1.25
α 230.5 1.26 0.70 23.5 1.26 0.70 1.30

B.S. 1.4 0.4

3 Distorted wave analysis

The angular distributions of cross section and asymme-
try, obtained at 22 MeV incident energy exhibit features
sufficiently prominent to make a distinction between dif-
ferent L-transfers. Furthermore, the dependence of σ(θ)
and Ay(θ) on the transferred total angular momentum
J allows the unique identification of most of the excited
levels in 90Zr(~p, α)87Y reaction. Two different analyses of
the experimental reaction data have been carried out. In
the first analysis Woods-Saxon potentials have been used
for the α channel whereas the second uses double-folded
α-nucleus potentials.

The DWBA calculations with Woods-Saxon potentials
in entrance and exit channels (see Table 2 for the set of
parameters used) were carried out in the finite-range ap-
proximation with the code TWOFNR [23]. For the proton
channel, the Varner et al. global nucleon-nucleus optical
model potential is used [24]. The α-particle parameters,
in Woods-Saxon parameterisation, are those suggested by
Wit et al. [25], that correctly account for the overall struc-
ture and magnitude of the angular distributions of the α
elastic-scattering from 89Y. In addition to the potentials
in the entrance and exit channel, the theoretical curves
critically depend on the proper choice of the triton well
radius and diffuseness parameters.

For the proton-triton interaction a potential of Gaus-
sian form V (rpt) = V0 exp−( rptξ )2 with ξ = 1.42 fm is
used.

In the second analysis of the data, a double-folding
procedure was used to derive the real part of the optical
α-nucleus potential. The potential is described by [26]

UF (~r) = λ

∫
d~r1

∫
d~r2ρT (~r1)ρα(~r2)t(E, ρT , ρα, ~s)

where ~s = ~r + ~r2 − ~r1, ~r is the separation of the centers
of mass of the target nucleus and the α-particle, ρT (~r1)
and ρα(~r2) are the respective nucleon densities, and λ is an
overall normalization factor. For the effective interaction t,
the density-dependent form of the M3Y nucleon-nucleon
interaction has been chosen. The target nucleus density
distribution ρT was the experimental one [27] obtained
from electron scattering and unfolded from the finite-
charge distribution of the proton. For the density distribu-
tion of the α-particle, a Gaussian form was used [28]. De-
tails of the numerical computation of the potential UF (~r)
are described in [29]. As imaginary part, a volume Woods-
Saxon potential was chosen. The DWBA calculations were
made again in the finite-range approximation, however in

this case with the computer code DWUCK5 [30]. First,
the angular distribution of the ground-state transition has
been fitted with the code TROMF [31], which allows a
simultaneous fit to both the elastic-scattering data in the
entrance and exit channels and to the reaction data [32].
For the proton channel the experimental data from Ball
et al. [33] at Ep = 22.5 MeV were used. The Woods-Saxon
potential parameters for the proton channel resulting from
the simultaneous fit are nearly identical with those de-
duced by Varner et al. [24] listed in Table 2. The scattering
data in the exit channel proved to be more difficult. The
nucleus 87Y is unstable, therefore elastic scattering data
from neighbouring isotopes had to be used. Since the α-
89Y elastic scattering data measured by Wit et al. [25] do
not cover scattering angles smaller than θCM < 40o, the
potentials resulting from the simultaneous fit were not in
concordance with the global α-nucleus potential deduced
recently [34]. Therefore α-89Y data measured by England
et al. [35] at Eα= 25 MeV were used. Since only weak en-
ergy dependence of the α-nucleus potential has been found
for α energies near 25 MeV [34], the use of these data
in the simultaneous fits is justified. The form factors for
the heavy and light particles (HPFF and LPFF, respec-
tively) are calculated using Woods-Saxon potentials. The
numbers of nodes in the radial bound-state wave function
(HPFF) is given by the conservation rule for the harmonic
oscillator quanta

Q = (2np + lp) + 2(2nn + ln) = 2Nt + Lt

where ni and li are the quantum numbers of the indi-
vidual nucleons which form the triton cluster. The three
transferred nucleons are supposed to be in a relative l=0
state. Assuming a ground state configuration π(p1/2)−1

ν(g9/2)−2 for 87Y, one obtains Q=11 and N=5 as number
of nodes. The parameters found in the simultaneous fit
are listed in Table 3 together with the resulting values for
the volume integrals and the rms radii.

The results of the fitting procedure with respect to
the elastic scattering data are shown in Fig. 2, the si-
multaneously fitted g.s. reaction cross section is shown in
Fig. 3. With the potentials and the form factor parame-
ters reported in Table 3, calculations of cross sections and
analysing powers for all measured transitions were carried
out using the code DWUCK5 [30]. The experimental data
and the results of the calculations using both conventional
Woods-Saxon and double-folded α-particle potentials are
compared in Figs. 3–9.

The shapes of the experimental σ(θ) and Ay(θ) angular
distributions are reproduced in the two different analyses
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Table 3. Values of the normalization factor λ, the parameters of the imaginary Woods-Saxon α-nucleus potential used with
the double-folded real potential, the geometrical parameters of the form factor and the resulting values of the volume integrals
and rms radii

λ rr ar Wv rv av JR < r2R >
1/2 JI < r2I >

1/2

(fm) (fm) (MeV ) (fm) (fm) (MeV fm3) (fm) (MeV fm3) (fm)

α 1.204 8.326 1.83 0.576 362.7 5.051 54.5 6.537
t 1.23 1.19
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Fig. 2. Differential cross sections in the entrance and exit chan-
nels. The experimental data, taken from [33] and [35] respec-
tively, are given by circles. The solid lines are optical model
theoretical estimations obtained using, for protons elastic scat-
tering on 90Zr, Woods-Saxon potential parameters listed in
Table 2 and for α elastic scattering on 89Y, double-folded po-
tential parameters listed in Table 3

with comparable accuracy. They are almost indistinguish-
able, also in the case of transitions to high-spin levels at
higher excitation energies.

4 Spin and parity attributions

For identifying the spin and parity of the levels popu-
lated in a (~p, α) reaction, the noticeable dependence on
the transferred total angular momentum J, displayed by
the angular distributions of cross sections σ(θ) and, in a
larger degree, of analyzing powers Ay(θ) [3–7,36,37], ap-
pears to be of the greatest importance.
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Fig. 3. Angular distributions and analyzing powers for the
transitions to the levels whose excitation energy, spin and par-
ity are indicated. The dots represent the experimental data,
the dot-dashed lines the theoretical estimates obtained with
the double-folded α particle potential, and the solid lines the
theoretical estimates obtained with the conventional Woods-
Saxon potential. The energies attributed to the observed levels
are those given in the present work

Moreover, the following distinctive feature of the ana-
lyzing power is a useful tool for the spin and parity attri-
bution: for negative parity states, at forward angles Ay(θ)
jumps from mainly positive to mainly negative values with
J increasing, and for the same J the sign of Ay(θ) changes
as well, if the parity is inverted.
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In the present case of 90Zr(~p, α)87Y, at the incident
proton energy of 22 MeV, the J transfer dependence is
particularly prominent and, in addition, the high absolute
values of the analyzing power allow its measurement, in
a high resolution experiment using a thin target, though
the corresponding σ(θ) are small.

In order to assign proper spin and parity values to each
level, DWBA calculations were carried out both for the
adopted Jπ values (where present) and for several other
possible values of Jπ. The assumed values derive from a
best fit to the experimental angular distributions. For the
unambiguous assignments given in the present work, the
shape difference among the DWBA curves corresponding
to the chosen values of Jπ and the other tested values is
in any case large enough to allow an unambiguous assign-
ment.

Up to the 0.981 MeV 3/2− level, the spins and pari-
ties attributed on the basis of the comparison between the
measured angular distributions and the theoretical predic-
tions agree with the values reported on the adopted level
scheme [20] and up to 1.401 MeV we confirm, without un-
certainty, the tentative attributions of the adopted level
scheme [20].
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1.607 MeV level. On the adopted level scheme [20], a
level is reported at an energy of 1.609 MeV, on the basis
of the study of the 89Y(p,t)87Y [17] (L=2 transfer from
Jπ=1/2− target) and a value of 3/2−, or 5/2−, is given.
From a study of σ(θ) in the 86Sr(3He,d)87Y [15], a level
with an energy of 1.605±0.025 MeV was found to which
a spin and parity of 9/2+ was attributed. The 1.607 MeV
level in the present (~p, α) reaction is quite weakly popu-
lated and the measured values of Ay(θ) are characterized
by large errors. The experimental angular distributions of
σ(θ) and Ay(θ) are reproduced by Jπ=5/2+, or with al-
most the same accuracy by Jπ=3/2−.

1.629 MeV level. On the adopted level scheme [20], a
level is reported at an energy of 1.623 MeV, on the basis of
85Rb(α,2nγ)87Y [10] reaction studies with tentative spin
(5/2, 7/2). Medsker et al., from a study of σ(θ) in the
84Sr(α,p)87Y [19], report a level with energy of 1618±8
keV, to which they attribute a spin and parity (9/2+).
A satisfactory fit to both σ(θ) and Ay(θ) is obtained in
the present experiment by assuming 5/2+ for the spin and
parity.

1.704 MeV level. The adopted spin and parity for this
level are (5/2−), obtained from a γ-ray study. The σ(θ)
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Fig. 6. Same as Fig. 3

and Ay(θ) measured by us are quite satisfactorily repro-
duced by assuming a value of 3/2− for the spin and parity.
This level is quite weakly populated and the measured val-
ues of σ(θ) and Ay(θ) are characterised by large errors.

1.757 MeV level. The adopted spin and parity for this
level are (5/2+, 7/2−) on the basis of γ-ray studies. A sat-
isfactory reproduction of both σ(θ) and Ay(θ) is obtained
by assuming a value of 5/2+. Also this level is quite weakly
populated and the measured values of σ(θ) and Ay(θ) are
characterised by large errors.

1.802 MeV level. On the adopted level scheme [20], a
level with energy 1801 keV is listed with spin and par-
ity (1/2−, 3/2, 5/2−) on the basis of γ-ray studies. In
the present experiment the assumption 5/2− provides a
reproduction of angular distributions that is accurate for
cross-section and reasonable for asymmetry.

1.846 MeV level. On the adopted level scheme [20],
a level with energy 1851±3 keV is listed as the weighted
average value from (3He,d) [15], (p,t) [17], (α,p) [19]
reaction studies. The spin and parity reported are 1/2−
on the basis of the σ(θ) measured in (p,t) reaction [18].
The 1/2− attribution is confirmed by our analysis since it
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Fig. 7. Same as Fig. 3

provides a good reproduction of Ay(θ) and a reasonably
good reproduction of σ(θ).

1.979 MeV level. On the adopted level scheme [20],
a level at 1988±5 keV is reported with spin and parity
(7/2, 9/2)−, as suggested by the analysis of the (p,t) [18]
and (p,α) [2] reactions and by γ-ray studies. The 7/2−
attribution is confirmed by our analysis, since it provides
an accurate reproduction of both σ(θ) and Ay(θ).

2.006 MeV level. A level at 2007.91 keV is cited on the
adopted level scheme with spin (7/2) from the (p,2nγ)
study [10]. A perfect reproduction of σ(θ) and a satis-
factory one for Ay(θ) is obtained by assuming a value of
11/2+ for spin and parity.

2.113 MeV level. On the adopted level scheme, a level
at 2111.1±0.8 keV is listed without spin and parity assign-
ment, from (p,γ) studies. However, from 89Y(p,t)87 [18] a
level at 2122±5 keV, with L=3 transfer and possible spin
and parity 5/2+ or 7/2+, is found. We find a perfect re-
production of both σ(θ) and Ay(θ) for a 5/2+ assignment.

2.153 MeV level. On the adopted level scheme [20] a
level at 2158.9 keV is reported without spin and parity
assignment, from γ-ray studies. In our analysis, 9/2− or
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11/2+ attributions give accurate reproduction of σ(θ) and
Ay(θ).

2.184 MeV level. A level with an energy 2166±5 keV
is reported as the weighted average value of 2165±5 keV
from (p,t) [18] and 2170±10 keV from (p,α) [2] with
possible spin and parity of (7/2)−, while a level at 2185.0
keV is given without spin and parity assignment on the
basis of γ-ray studies [20]. We reproduce perfectly both
angular distributions by attributing spin and parity 7/2−.

2.209 MeV level. On the adopted level scheme [20],
there is a group of levels with energies from 2201.7 to
2216 keV, with different spin and parity assignments. The
attribution 3/2− for this level leads to an accurate repro-
duction of σ(θ) and Ay(θ).

2.249 MeV level. On the adopted level scheme, there
are three levels nearby, the first at 2241.7 keV with (7/2,
9/2−) assignment, the second at 2244.2 keV, without spin
and parity assignment, both from β- and γ-ray studies
[20], and a third level at 2256 keV from the (p,t) reaction
[18] with a possible attribution of 3/2− or 5/2−. An as-
signment of 9/2− provides a reasonable reproduction for
σ(θ) and for Ay(θ). This level is quite weakly populated
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and the measured angular distributions are characterized
by large errors.

2.276 MeV level. A level at 2.274 MeV with (9/2+)
attribution and a level at 2.278 MeV with spin and parity
(7/2)−, from (3He,α) [15] and (α,p) [19] reaction studies
are reported in the adopted level scheme [20]. In our case
a 9/2− value provides a poor reproduction for σ(θ) and a
good one for Ay(θ), while the 7/2+ value provides a good
reproduction of σ(θ) and satisfactory one for Ay(θ). A
better reproduction of both cross section and asymmetry
angular distributions can be obtained by considering an
unresolved doublet of one level of spin and parity 9/2−
(30%) and another one of spin and parity 7/2+ (70%).

2.302 MeV level. No level is given at this energy by the
adopted level scheme [20]. In our case σ(θ) and Ay(θ) are
reasonably reproduced by attributing 13/2+ to this level.

2.365 MeV level. A level at 2354.5 keV, without spin
and parity and a level at 2366.8±0.14 keV with attributed
spin and parity (15/2)− on the basis of γ-rays studies [10,
12] are given by the adopted level scheme [20]. Oelrich et
al. [18] find, from a (p,t) study of σ(θ) a level at 2374±5
keV with L=8 transfer from a Jπ=1/2− target nucleus.
We obtain a good reproduction of cross section and asym-
metry angular distributions by considering an unresolved
doublet of one level of spin and parity 15/2− (90%) and
another one of spin and parity 7/2+ (10%).

2.408 MeV level. On the adopted level scheme [20] a
level with an energy of 2.409 MeV is reported with spin
and parity (3/2)+, on the basis of (p,t) [18], (3He,d) [15]
and γ-ray studies. We reproduce accurately both angular
distributions by assuming a value of 3/2− for spin and
parity.
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2.449 MeV level. On the adopted level scheme a level
is given with an energy of 2.446 MeV on the basis of (p,t)
[18] and γ- ray studies [20] and with spin and parity
(5/2)+. This attribution leads to a very poor reproduction
of the measured angular distributions. The σ(θ) and Ay(θ)
are compatible with the attribution of Jπ=9/2−.

2.531 MeV level. On the adopted level scheme [20]
a level at an energy of 2.532 MeV is reported without
spin and parity attribution. The cross section angular dis-
tribution is quite accurately reproduced by attributing
Jπ=11/2− to this level. The measured Ay(θ) is less accu-
rately reproduced, being very small (about zero starting
from 30o).

2.562 MeV level. A level at 2563.9±0.8 keV with at-
tributed spin and parity (9/2)+ on the basis of γ-ray and
of (p,t) [18] studies is listed on the adopted level scheme
[20]. This attribution leads to a very poor reproduction
for the measured σ(θ) and a completely wrong prediction
for Ay(θ). We obtain a very good reproduction of σ(θ) by
assuming a value of 11/2+. The positive measured asym-
metry is consistent with this attribution.

2.599 MeV level. On the adopted level scheme [20]
there is a group of levels with energies: 2595 keV, with-
out spin and parity attribution, 2600 keV, with attribu-
tion (15/2−) from (p,α) studies [2] and at 2.602 MeV
with (7/2)+attribution. A quite accurate reproduction of
the angular distribution and asymmetry is obtained by
assuming for this level a spin and parity value of 9/2−.

2.661 MeV level. The adopted level scheme [20] re-
ports a level at 2.668 MeV (5/2), from comparison of pri-
mary γ strength with the γ strength to the 0.381 MeV
level in (p,γ) reaction. We reproduce quite accurately the
measured angular distribution and asymmetry by assum-
ing a value of 7/2+ for this level.

2.682 MeV level. A level at 2675.90±0.16 keV with at-
tributed spin and parity (17/2)− on the basis of γ-ray
studies from the (α,2nγ) reaction [10] is listed on the
adopted level scheme [20]. This attribution is incompat-
ible with our findings, since it would give rise to a σ(θ)
peaked at about 60 o. The cross section and asymmetry
are compatible with the attribution of 11/2+, also tak-
ing into account that most of the measured values of the
asymmetry are near zero.

2.747 MeV level. No level is given at this energy on
the adopted level scheme. This level is populated quite
strongly and the measured values of σ(θ) and Ay(θ) are
characterized by small errors. We reproduce quite accu-
rately the cross section and reasonably we reproduce the
asymmetry, by assuming a value of 3/2+ for spin and par-
ity.

2.801 MeV level. The observed level (or levels) is pop-
ulated quite strongly, but at this energy the adopted level
scheme [20] does not report any level, while it reports a
level at 2812.2±1 keV from β-decays and from (p,t). Oel-
rich et al. [18] from (p,t) reaction studies observe a level
at 2808±5 keV with L=5 transfer from a Jπ=1/2− tar-
get. We can not obtain a satisfactory agreement between
observed and computed angular distributions by consid-
ering only one contributing level. We obtain a good repro-

duction for σ(θ) and Ay(θ) by considering an unresolved
doublet, i.e. one level with Jπ=11/2+ (80%) and another
one with Jπ=3/2+ (20%).

2.831 MeV level. Near to this energy in the adopted
level scheme [20] there are two levels with similar energies,
one at 2.827 MeV with spin and parity (21/2+) assigned
on the basis of the γ-ray studies [9,11] and the other at
2.828 MeV with possible spin and parity values (3/2−,
5/2−) assigned from a (p,t) study [18] as L=2 transfer
from Jπ=1/2− target nucleus. Our observed level is pop-
ulated relatively strongly with small errors and we repro-
duce accurately the cross section and asymmetry angular
distributions, assuming that this transition corresponds to
a level with spin and parity Jπ=9/2−.

2.903 MeV level. The adopted level scheme [20] gives
a level at 2901±5 keV with possible spin 3/2−, 5/2−, (L=2
transfer from Jπ=1/2− target in (p,t) reaction [18]). The
observed level is strongly populated and the overall fit of
σ(θ) and Ay(θ) indicates Jπ=3/2− or 5/2+.

2.998 MeV level. On the adopted level scheme [20]
there is a group of 4 levels with energies from 2995 to
2996.2 keV with different attributions of spins and pari-
ties, in parenthesis. To the level at 2995±2 keV, on the ba-
sis of (3He,d) [15] and (p,α) [2] studies, is attributed spin
and parity (5/2+). This level is populated very strongly in
our measurement. We find a reasonably good reproduction
of both asymmetry and cross section by taking Jπ=5/2+.

5 Shell model calculations and the structure
of 87Y

As is well known, the structure of nuclei around A ≈ 88–
90 is particularly interesting from the point of view of
the shell structure. The role of the intruder g9/2 orbital,
the possible proton closure at Z=38 or 40 and the sub-
sequent effect of particle-hole excitations, as well as the
onset of deformation, have been debated at length. Up
till now a fully consistent treatment of these systems with
regards to the different observables (energies, e.m. transi-
tions, one- and many-particle spectroscopic factors, etc.)
has not been obtained. Quite a number of shell model cal-
culations have been performed in this region, within differ-
ent model spaces and with different interactions. However,
most interest has been often placed on systematic overall
properties as a function of the mass, or on detailed calcu-
lations for specific key nuclei, as 90Zr [38]. In our case,
trying to contribute to a better understanding of this re-
gion, we have supplemented the present (~p, α) data with
more specific shell model calculations for 87Y nucleus, not
restricted to the lower energies or spins, with alternative
choices of the residual interaction.

The necessary inputs for the calculations are the
single-particle energies and the two-body matrix elements
in the shell-model Hamiltonian

H =
∑
i

εia
†
iai +

∑
ijkl

Vijkl a
†
ia
†
jakal ,
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Fig. 10. The results for the positive parity states of 87Y ob-
tained with the GWBXC interaction are compared with the
experimental energy levels identified in the present experiment

as well as the choice of the model space. We have per-
formed two calculations, using the large-basis shell model
code OXBASH [39].

The first is based on the GWBXC interaction [40],
which is an effective G-matrix interaction derived from
the Paris nucleon-nucleon interaction. In this case the
model space has been chosen by correlating the protons in
1f5/2[5− 6], the 2p3/2[3− 4], 2p1/2[0− 2] and 1g9/2[0− 1]
orbitals and the neutrons in the 1g9/2[8] orbital. The num-
bers in the square brackets give the allowed occupation
numbers for each orbital. For 87Y this means that the
considered configurations have a proton component of 1h
character for the negative-parity states (with respect to
the Z = 40 subshell) and of 1p− 2h character for the
positive-parity states.

The single particle energy values used in the calcula-
tions are: 1f5/2 -8.90 MeV, 2p3/2 -12.62 MeV, 2p1/2 -9.61
MeV, 1g9/2 -5.07 MeV for protons and for neutrons 1g9/2
0.664 MeV. They have been taken to correspond to the
experimental single particle values around 90Zr.

In Fig. 10 the results for the positive parity states
of 87Y obtained with the GWBXC interaction are com-
pared with the experimental energy levels identified in the
present experiment.

The second calculation has been performed with
the PMM90 interaction [39], which was introduced by
B.A.Brown. In this latter case, both neutrons and protons
have been assumed to move in the 1f5/2[11−12], 2p3/2[7−
8], 2p1/2[2− 4] and 1g9/2[8− 10] orbitals. In this case the
allowed occupation numbers refer to the total neutron
plus proton occupancy. This latter choice of the model
space for the negative-parity states allows the inclusion,
not only of the 1h states, but also of the 2p− 3h states
which, if one considers as subshells Z,N=40, correspond
to particle-hole excitations for both the proton and neu-
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Fig. 11. The results for the negative parity states of 87Y ob-
tained with the PMM90 interaction are compared with the
experimental energy levels identified in the present experiment

tron components or for a proton (and/or neutron) double
particle-hole excitation. For the positive-parity states, on
the other hand, the configuration space is close to the case
of the GWBXC interaction, with states of 1p− 2h char-
acter.

The single particle energy values, in the case of
PMM90 interaction, are 1f5/2 2.30 MeV, 2p3/2 3.40 MeV,
2p1/2 5.13 MeV, 1g9/2 2.75 MeV. They are different from
the previous case and have been adjusted [39] to account
for the radical changes in the residual two-body matrix
elements.

In Fig. 11 the results for the negative parity states
of 87Y obtained with the PMM90 interaction are com-
pared with the experimental energy levels identified in the
present experiment.

All the calculated energy levels obtained with the GW-
BXC and PMM90 interactions are summarized in Fig. 12
together with the corresponding experimental energy lev-
els seen in the present work.

Let us first comment on the results obtained with the
GWBXC interaction for the low-lying states. The main
components of the wave functions for a few selected states
with negative and positive parity are given in Table 4 and
5 respectively. One can see that the ground-state 1/2−
corresponds to an essentially pure hole-state in the 2p1/2

orbital. Similarly, the 9/2+ state is a dominantly pure par-
ticle state in the g9/2 orbital, with two holes in the p1/2

orbital.
Conversely, the lowest 3/2− and 5/2− states do not

correspond to dominant configurations associated with
one hole in the p3/2 or f5/2 orbitals (this character be-
ing instead associated with the second 3/2− and 5/2−
states). These yrast states correspond to the energetically
favoured situation in which the proton hole is still in the
p1/2 orbital, but associated with a recoupling to J=2 of a



P. Guazzoni et al.: Study of the 90Zr(~p, α)87Y reaction at 22 MeV 375

1/2− 3/2− 5/2− 7/2− 9/2− 11/2− 15/2− 1/2+ 3/2+ 5/2+ 7/2+ 9/2+ 11/2+ 13/2+1/2− 3/2− 5/2− 7/2− 9/2− 11/2− 1/2+ 3/2+ 5/2+ 7/2+ 9/2+ 11/2+ 13/2+1/2− 3/2− 5/2− 7/2− 1/2+ 3/2+ 5/2+ 7/2+ 9/2+ 11/2+ 13/2+

EXPA

EXPB

EXPC

GWBXC

PMM90

E
xc

it
at

io
n 

E
ne

rg
y 

M
eV

0.0

1.0

2.0

3.0

0.0

1.0

2.0

3.0

Fig. 12. Energy level scheme for
87Y. The figure shows all the re-
sults obtained using the GWBXC
(blu lines) and PMM90 interac-
tion (green lines) compared with
the levels observed in the present
experiment: red lines (EXPA) in-
dicate the levels with unambigu-
ous assignment of Jπ, red solid
dotted lines (EXPB) the levels
with tentative assignment and
grey solid dotted lines (EXPC)
the doublets

Table 4. Energy eigenvalues and percentage of different components (squared amplitudes) obtained within the Shell Model
Hamiltonian with GWBXC interaction for low lying negative parity states of 87Y . [NO] is the number of unpaired nucleons

E(th) 0.000 0.691 0.689 1.464 1.000 Orbit partition order

[NO] 1/2− 5/2− 3/2− 3/2− 5/2− πf5/2 πp3/2 πp1/2 πg9/2 νg9/2

[1] 7.81 39.59 4.62 10.92 69.74 5 4 2 0 8
[1] 5.14 3.01 17.70 78.21 3.61 6 3 2 0 8
[1] 87.05 57.39 77.68 10.87 26.65 6 4 1 0 8

Table 5. Energy eigenvalues and percentage of different com-
ponents (squared amplitudes) obtained within the Shell Model
Hamiltonian with GWBXC interaction for low lying positive
parity states of 87Y . [NO] is the number of unpaired nucleons

E(th) 0.379 1.017 Orbit partition order

[NO] 9/2+ 5/2+ πf5/2 πp3/2 πp1/2 πg9/2 νg9/2

[3] 1.09 1.30 5 3 2 1 8
[3] 14.61 12.91 5 4 1 1 8
[3] 7.14 18.61 6 3 1 1 8
[1] 77.16 67.18 6 4 0 1 8

Table 6. The spectroscopic factors S of low-lying states of 87Y

Jπ 1/2− 3/2− 5/2− 9/2+

E(MeV) 0.000 0.981 0.793 0.379

exp
S[41] (d, n) 0.570 0.1075 0.116 0.548
S[15] (3He, d) 0.575 0.135 0.192 0.719
th j p1/2 p3/2 f5/2 g9/2

S(j) GWBXC 0.583 0.034 0.064 0.556
S(j) PMM90 0.657 0.048 0.035 0.647

pair of neutrons in the g9/2 shell. This situation does not
seem to correspond to the experimental evidence coming
from the spectroscopic factors of one-nucleon transfer re-
actions [15,41]. In fact, as shown in Table 6, while the
calculation predicts large stripping spectroscopic S-factors
for the 1/2− and 9/2+ in good agreement with experi-
ment, the calculated S-factors for the lowest 3/2− and
5/2− clearly underestimate the experimental values.

Given the restricted model space, any comparison with
high-lying negative parity states is clearly ruled out. As re-
gard to the positive parity states, interesting results have
been obtained for the 5/2+ states, which show an appre-
ciable agreement with the experimental data, for both the
density of states and the energies of each individual state.

We turn now to the predictions of the PMM90 interac-
tion. The main components of the lowest negative-parity
states are given in Tables 7, 8, 9, 10, 11.

At variance with the case of the GWBXC interaction,
the model space now allows for 2p− 2h excitations of the
core. One can see that, as in the case of GWBXC, the
main component of the lowest 3/2− state has a hole in the
2p1/2 orbital, while it is the third 3/2− state to be associ-
ated mainly with the 2p3/2 orbital. As a consequence, the
predicted stripping spectroscopic factor of the first 3/2−
state is still smaller than the experimental value (see Ta-
ble 6). Note also that the highest states (the forth and
fifth in the table) are completely associated with 2p− 2h
core excitations.

The situation is slightly different in the case of the
5/2− states. In this case the amount of pure f5/2 state in
the lowest 5/2− goes up to about 50%. Still the proton
spectroscopic factor with respect to 86Sr remains smaller
than the experimental value (see Table 6).

As for the 1/2− states (except the ground state), the
7/2− and 9/2− states lying at high excitation energy (i.e.
except the lowest state), the component associated with
the 2p− 2h excitation of the core is dominant.

As a general remark, as shown in Fig. 12, excluding
the case of 1/2− states, the calculated negative parity
states compare well with the experimental levels. Due to
the large model space with respect to the GWBXC case,
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Table 7. Eigenvalues and percentage of different components within the shell model Hamiltonian with PMM90 interaction of
the 1/2− low-lying states of 87Y . Each line corresponds to a state of the basis, which partition order is reported in the last
four columns. [NO] is the number of unpaired nucleons. The percent occupations contributing more than 0.5% are reported in
columns two, three and four

E(th) 0.000 [1] 2.105 [2] 2.497 [3] Orbit partition order
[NO] p% p% p% f5/2 p3/2 p1/2 g9/2

[3] 2.75 27.78 11.54 11 7 3 10
[1] 3.21 39.45 40.93 11 8 2 10
[1] 2.11 32.63 44.37 12 7 2 10
[1] 4.91 11 8 4 8
[1] 3.44 12 7 4 8
[1] 83.58 2.92 12 8 3 8

Table 8. The same as Table VII for the 3/2− states of 87Y

E(th) 0.900 [1] 1.278 [2] 1.993 [3] 2.228 [4] 2.611 [5] Orbit partition order
[NO] p% p% p% p% p% f5/2 p3/2 p1/2 g9/2

[3] 2.94 6.83 14.59 13.32 15.86 11 7 3 10
[1] 3.83 4.49 2.69 35.96 46.96 11 8 2 10
[1] 16.31 59.11 24.45 40.36 35.05 12 7 2 10
[1] 5.45 1.93 4.84 11 8 4 8
[1] 20.79 6.43 47.68 9.23 12 7 4 8
[1] 50.70 21.22 5.55 12 8 3 8

Table 9. The same as Table VII for the 5/2− states of 87Y

E(th) 0.738 [1] 1.167 [2] 1.604 [3] 2.007 [4] 2.582 [5] Orbit partition order
[NO] p% p% p% p% p% f5/2 p3/2 p1/2 g9/2

[3] 3.06 5.23 13.63 9.54 12.11 11 7 3 10
[1] 28.20 25.44 38.16 9.08 57.56 11 8 2 10
[1] 1.23 2.63 65.16 19.62 12 7 2 10
[1] 48.65 9.17 41.59 4.39 2.45 11 8 4 8
[1] 1.78 2.89 11.83 8.00 12 7 4 8
[1] 17.09 54.65 4.95 12 8 3 8

Table 10. The same as Table VII for the 7/2− states of 87Y

E(th) 1.397 [1] 1.735 [2] 2.082 [3] 2.312 [4] 2.465 [5] 2.741 [6] Orbit partition order
[NO] p% p% p% p% p% p% f5/2 p3/2 p1/2 g9/2

[3] 3.41 8.67 13.82 12.57 8.99 20.00 11 7 3 10
[1] 6.37 48.00 7.17 38.57 8.16 33.56 11 8 2 10
[1] 4.14 5.45 64.28 10.84 61.27 40.31 12 7 2 10
[1] 11.85 31.61 9.04 33.39 8.00 4.88 11 8 4 8
[1] 6.29 1.54 1.44 4.57 10.60 1.25 12 7 4 8
[1] 67.94 4.74 4.25 2.97 12 8 3 8

Table 11. The same as Table VII for the 9/2− states of 87Y

E(th) 1.477 [1] 1.995 [2] 2.252 [3] 2.658 [4] 2.729 [5] 2.784 [6] Orbit partition order
[NO] p% p% p% p% p% p% f5/2 p3/2 p1/2 g9/2

[3] 3.44 15.37 8.91 10.67 13.33 19.93 11 7 3 10
[1] 6.92 65.92 45.52 24.22 52.49 38.91 11 8 2 10
[1] 2.89 2.77 2.06 51.50 22.24 16.72 12 7 2 10
[1] 16.19 7.34 34.77 4.36 9.88 18.42 11 8 4 8
[1] 3.74 1.26 9.25 2.00 5.15 12 7 4 8
[1] 66.82 8.26 7.47 12 8 3 8
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the number of predicted states is correct, and the discrep-
ancy of the individual level energy is typically of the or-
der of few hundred keV. A similar feature is not obtained
for the positive parity states. Although in this case the
model space is practically equivalent to the one of GW-
BXC interaction, the different matrix elements and the
single particle energies lead to a set of states whose agree-
ment with the experimental values is worse than in the
case of GWBXC interaction.

As a final comment to this section, the results pre-
sented here confirm the difficulty of shell model calcula-
tions in giving a satisfactory account of the energy spec-
tra in this region of nuclei, as one moves from the low-
est excitation energy levels. The sensitivity of the results
not only to the model space, but also to the interaction,
clearly shows up from the comparison of both energy spec-
tra and wave functions. The importance of 2p− 2h excita-
tions across the Z=40 subshell is confirmed by these calcu-
lations, in accordance with the situation in the neighbour-
ing nuclei, as 90Zr. In contrast to other features, we finally
note that both interactions, in spite of the not complete
closure of the shell, make similar predictions for the exis-
tence of different multiplets of states in 88Y, which can be
interpreted as homologous to corresponding parent states
in 87Y. Therefore these theoretical predictions strongly
support the homologous state identification performed by
shape comparison of the cross section and asymmetry ex-
perimental angular distributions in 90,91Zr(~p, α) reactions
[6].

6 Conclusions

Cross sections and asymmetry angular distributions have
been measured in a high resolution experiment for tran-
sitions to 36 levels of 87Y up to an excitation energy of
about 3 MeV in the (~p, α) reaction induced on 90Zr at 22
MeV proton incident energy.

Using Woods-Saxon and Double-Folded potentials for
the α exit channel, two different analyses, with compara-
ble accuracy, of the experimental reaction data have been
performed. Exploiting the noticeable dependence on the
transferred total angular momentum J, displayed by σ(θ)
and, in a larger degree, by Ay(θ) we have made 25 unam-
biguous attributions of Jπ, which represent a considerable
improvement of the knowledge of the 87Y level scheme.

In order to achieve a better understanding of the re-
gion of nuclei with A∼ 90, the present (~p, α) data have
been supplemented with shell model calculations for the
residual 87Y nucleus, utilizing the large-basis shell model
code OXBASH.

For the 87Y nucleus the structure of both low-lying
and highly excited states and one-nucleon stripping spec-
troscopic factors respect to 86Sr, has been studied using
two different interactions, the GWBXC and PMM90. The
results achieved confirm the importance of 2p− 2h exci-
tations across the Z=40 subshell.

Furthermore, both interactions make similar theoreti-
cal predictions for the occurrence in 88Y of different mul-
tiplets of states, whose wave functions are similar to the

wave functions of corresponding low-lying parent states
in 87Y, in agreement with the experimental findings in
90,91Zr(~p, α) reactions [6].
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